The dynamics of a parametric simple pendulum submitted to an arbitrary angle of excitation ϕ was investigated experimentally, by simulations and analytically. Analytical calculations for the loci of saddle-node bifurcations corresponding to the creation of resonant orbits were performed by applying Melnikov's method. However, this powerful perturbative method cannot be used to predict the existence of odd resonances for a vertical excitation within rst order corrections. Yet, we showed that period-3 resonances indeed exist in such conguration. Two degenerate attractors of dierent phases, associated with the same loci of saddlenode bifurcations in parameter space are reported. For tilted excitation the degeneracy is broken due to an extra torque, which was conrmed by the calculation of two distinct loci of saddle-node bifurcations for each attractor. This behavior persists up to ϕ ≈ 7π/180, and for inclinations larger than that only one attractor is observed. Bifurcation diagrams were constructed experimentally for ϕ = π/8 to demonstrate the existence of self-excited resonances (periods smaller than three)as well as hidden oscillations (for periods greater than three).
Resonance is the absorption of all the energy delivered by an oscillatory excitation to a dynamical system. There are several examples where resonance plays an important role in our daily lives, such as nuclear magnetic resonance in medicine; or for our pleasure in musical instruments producing sounds by resonant tubes as in utes, or resonant strings as in violins. We study parametric resonance, the phenomenon that describes how resonance occurs when a parameter changes as a response to oscillatory excitation, in a paradigmatic system, the parametrically excited pendulum. We focus our study on the persistence of odd periodic resonances with respect to the parameter range for which they exist. Analysis based on the basin of attraction of the resonant orbits reveals how this persistent behavior depends on the tilt of the pendulum pivot alignment. INTRODUCTION Resonance is the absorption of all the energy delivered by an excitation to an oscillatory system. One example is the absorption of radio frequencies by a quantum system in which there are interactions between a nuclear spin and an external magnetic eld, as in , the arrangement of the six water molecules denes the crystalline eld around the nickel ion, giving rise to dierent symmetries from cubic to rhombic. In both cases, while the oscillatory excitation frequency f ext is kept x, the external magnetic eld is varied and the resonance occurs when the dierence between two energy levels satises |E j − E k | = f ext . For the rst case, (NMR), the interactions of the nuclear spin with the neighborhoods do not contribute to the rst moment of the resonance curve, while in the second case (EPR) the rst moment depends on the crystal eld symmetry, that can be lowered so the degeneracy of the levels can be split, and more than one resonance can be observed.
Resonances in plates excited by acoustic waves used as a classical equivalent to quantum chaos as the Sinai stadium 4 , for example are strongly dependent on plate symmetry since the resonance conditions are established by the boundary conditions. Resonant tubes such as woodwind instruments and waves in strings are also examples of resonant systems that depend on the boundary conditions. There are other types of resonances in systems that have fundamental frequencies depending only on physical parameters of the apparatus, such as pendulums, electronic circuits such as RLC, where only one resonance can be observed when the external excitation frequency is equal to the fundamental one.
One paradigmatic system is the parametric simple pendulum 5 . Parametric resonance occurs when a parameter becomes time dependent as a response to oscillatory excitation 6, 7 . The parametric pendulum presents 2 several resonances with the oscillation frequencies as submultiples of the excitation frequency, called subharmonic resonances. Such resonances can be found by determining the occurrence of simple zeros of the Melnikov subharmonic functions, to nd the loci of saddle-node bifurcations where the subharmonic solutions appear. However, in case the excitation is along the vertical direction, ϕ = 0, odd resonances cannot be determined by analysis of rst order corrections of Poincaré stroboscopic maps of the system, as showed by Koch and Leven 8 . This method also cannot determine the occurrence of odd oscillations in other similar symmetric parametric systems, such as a simple pendulum subjected to non-harmonic excitation 9 as well as a pendulum with periodically varying length 10 . Using another approach based on Melnikov's method, Kwek and Li 11 showed in a very general context, that for a nonlinear perturbed system, while even oscillations arise from parametric excitation along the vertical direction, odd oscillations appear as consequence of external torques. Following this reasoning, one might be lead to conclude that the extra torque that appears when ϕ ̸ = 0 is the dynamical mechanism behind the appearance of odd resonances in parametric pendulums. However, Clifford and Bishop
12
, using symbolic dynamics, reported the occurrence of period-3 oscillations for the vertically excited case despite being only observable for a small range of control parameter values. This paper investigates how commonly odd periodic oscillations of symmetric systems should be expected to appear, describing how their behavior change as we tilt the direction along which the pivot oscillates, and what is the dynamical mechanism behind the onset of stable odd resonances. We also present a detailed derivation of the Melnikov subharmonic function for the parametrically excited simple pendulum in an appendix.
II.
PLANAR SIMPLE PENDULUM REVISITED In Fig. 1 is shown a diagram of the experimental apparatus. The harmonic movement of the pendulum pivot in a sliding car is driven by a crank attached to a servo motor. The absolute value of the pendulum angular speed If we write q = (θ, ω), then the planar simple pendulum can be described byq = f (q), where f (q) is the Hamiltonian vector eld
There is a pair of homoclinic orbits q 0 ± that are biasymptotic to the saddle points (θ, ω) = (±π, 0). A continuous 1-parameter family of periodic oscillations lls 
where θ α (t) and ω α (t) are dened implicitly by
where k = sin(
2 ) ∈ [0, 1] is the elliptic modulus and sn(t, k), cn(t, k), and dn(t, k) are the Jacobi elliptic functions 13 . Notice that T α = 4K(k), where K(k) is 3 the complete elliptic integral of rst kind, grows monotonically and tends to innity as the homoclinic orbit is approached, that is, T α → ∞ as α → 0.
III. PARAMETRIC EXCITATION
Suppose a pendulum whose pivot oscillates in a tilted direction ϕ (for details, see Ref.
7
), under linear damping due to viscous dissipation given by −bθ. If we dene the dimensionless parameters of the system by
where ω 0 = 2πf 0 is the natural frequency of oscillation of the pendulum and g is the gravitational acceleration, then the equation of motion is given by:
(4) Notice that if ϕ = 0, the pendulum pivot oscillates along the vertical direction and the equations of motion are symmetric with respect to the spatial inversion transformation R
(5) otherwise ϕ ̸ = 0 adds an extra torque to the movement. Now consider the parametrically excited simple pendulum, whose pivot oscillates harmonically along a direction tilted by an angle ϕ with the vertical direction, with nondimensionalized amplitude and frequency given by P and Ω p , respectively. If the pendulum is subjected to a viscous dissipation term given by −βω, it can be described by˙q
(7) Melnikov's method (see Appendix A for details) states that if the quantity 
(10) where S is given by Eq. (A13). Notice that the elliptic modulus k is determined from Ω p through the resonance condition, and it is worth noticing that for Ω p > m there is no k such that Eq. (A3) is satised. However, oscillations of odd periods are not predictable for vertical excitation due to the fact that odd and even oscillatory solutions exhibit dierent symmetry properties. While even oscillations are R-invariant (invariant under transformation (5)), odd oscillations are not: they appear in pairs that are R-conjugate 14 . This dierence causes the vanishing of the term that could lead to the occurrence of simple zeros in the Melnikov subharmonic functions for odd oscillations.
IV. RESULTS AND DISCUSSION
A.
Vertical excitation ϕ = 0
Period-3 oscillations
When we have a pure vertical parametric excitation, odd periodic resonances cannot be predicted by Melnikov's subharmonic functions due to the symmetry of the equations of motion. Period-3 oscillations were believed to be observable only for a small interval of parameter values 12 , but we will show that this is not the case. In Fig. 3(A) (parameters A = 2.02 cm and f p = 5 Hz), we show the basins of attraction of a xed point, period-3 and period-23 oscillations, as well as that of some periodic rotations. In brown we can see six islands representing the basin of attraction of period-3 oscillations. An island is a continuous region (open set) in phase space. Integrating the system from the initial conditions labeled with odd numbers in Fig.3(A) (1, 3 and 5), we obtained the same attractor (henceforth called odd attractor), while initial conditions 2, 4 and 6 lead to a second attractor (henceforth called even attractor). In Fig. 3(B) we plotted the phase portraits of the odd attractor (θ odd , ω odd ) as black lines and the even one (−θ even , −ω even ) with circles, showing that they are conjugated by inversion symmetry. For both period-3 attractors, we also constructed basins of attraction by observing the number of dierent maxima of the ω time series. If three positive values were found, the point was colored cyan, while for two positive maxima (corresponding to three negative minima) the point was colored magenta, as shown in Fig. 3(C) . The black lines show the In (A) the basins of attraction of periodicity as identied by the color bar at right. There are six islands corresponding to period-3 oscillations. Negative numbers indicate to periodic rotations. In (B), the phase spaces for the six period-3 attractors, where we plotted the odd trajectories (θ odd , ω odd ) in black and the even ones (−θeven, −ωeven) in purple. In (C) we have the phase basin of attraction for period-3, with unstable xed points represented by white circles, saddle points by white stars, and in black lines the stable manifolds of the saddle points.
separatrices between the basins of attraction of period-3 oscillations and of equilibrium. They are dened by the stable manifold of the period-3 saddle points that were created together with the period-3 attractors in the saddle-node bifurcation.
We call the odd and even attractors shown in Fig. 3 (B) degenerate because the loci of saddle-node bifurcations where the attractors are created are the same, as is shown in Fig. 4(A) . These lines were obtained via numerical continuation 15 . This degeneracy appears as a result of the spatial inversion symmetry of the system. Due to the small sizes of the six islands, it is to be expected that nding an initial condition inside the basin of attraction of period-3 experimentally would be very dicult. However, after dozens of tentatives we managed to nd period-3 resonances experimentally for ϕ = 0. We obtained the experimental bifurcation diagram <| ω |> vs. f p , where < |ω| > is the mean value of the angular speed, as shown in Fig. 4(B) . Experimental data is shown in triangles, while the dashed line was obtained by numerical integration of Eq. (4). It is remarkable not only that the attractors are degenerate, in the sense that they necessarily coexist, but also that they are robust over a small frequency range of 0.7 Hz.
Period-5 oscillations
In Fig. 5 are shown the basins of attraction for A = 2.02 cm and f p = 8.55 Hz. There are ten islands that lead to period-5 oscillations (red), and embedded in each one of these islands there there are other ve tiny 5 islands corresponding to the period-25 attractor (green). The large regions in brown are related to the basin of the period-4 attractor, so it is very easy to obtain period-4 oscillations experimentally. However, the small size of the islands corresponding to period-5 suggests that such oscillations should be dicult to observe experimentally. In fact, we did not succeed despite having tried dozens of times. Taking into consideration the existence of noise, we conclude that obtaining period-5 oscillations experimentally is practically impossible. Breaking the system symmetry by increasing the tilt in the pivot motion to ϕ = 4 π 180 , we can see that the six islands shown in Fig. 3(A) , collapsed into the three islands shown in Fig. 6(A) . The large basin of attraction of the xed point (0,0) was replaced by the basin of period-1 oscillations. As the islands apparently suggest a reection symmetry ω → −ω we also chose six initial conditions (numbered from one to six in Fig. 6(A) ) to compare with the vertical case. In Fig. 6(B) , we show the phase spaces for the six period-3 orbits, where we plotted the three equal odd trajectories in black lines (ω odd vs. θ odd ) and in purple the three even trajectories (−ω even vs. θ even ). Two distinct (non-degenerate) period-3 attractors were obtained. In Fig. 6(C) we can see the basin of attraction of period-3 showing that each island of periodicity is divided into two new regions, now corresponding to dierent period-3 attractors. These basins are separated by the stable manifold of a period-3 saddle (shown as a white star) that was created together with a period-3 attractor.
In Fig. 7 , we show the loci of saddle-node bifurcations for each of the two (even and odd) period-3 attractors, obtained via numerical continuation. Due to the symmetry break, they cannot be transformed into each other by . In (A) the periodicity basin of attractions identies three period-3 islands. In (B) the phase portraits for the six initial conditions inside the period-3 basin, where we plotted odd trajectories in black (ω odd vs. θ odd ) and even ones in magenta (−ωeven vs. θeven), showing two non-degenerate period-3 attractors. In (C) we have the basin of attraction for period-3. White circles correspond to unstable xed points, while saddles are indicated by white stars. The stable manifolds of the saddle points are depicted in black.
spatial reversion and the loci of saddle-node bifurcations are not degenerate. Both attractors can still be found up to ϕ ≈ 7π/180.
Above ϕ ≈ 7π/180, only a single type of period-3 attractor is observed. Its basin of attraction is comprised of three disjoint regions. Experimental bifurcation diagrams were obtained by changing f p at instants t step . This way, the initial condition after each step are given by (θ(t step ), ω(t step )). After a transient time, the new steady state is recorded.
In the f p range [0.5, 12 .1]Hz, we measured < |ω(t)| >, rst in a forward sweep of the excitation frequency, followed by a backward sweep to investigate the self-excited oscillations. By plotting < |ω| > vs. f p , we constructed the bifurcation diagrams shown in Fig. 8(A) , where circles represent the forward span and a continuous blue line the backwards span. By starting at f p = 0.5Hz, the pendulum oscillates with the same frequency as the excitation as it is increased. As we get closer to f p = 0.8Hz the pendulum starts to oscillate with period T = T p /2. Afterward, it resumes oscillating with T = T p . Therefore, a bubble of bifurcation T p → T p /2 → T p was observed without hysteresis.
We can also observe a T = T p resonance related to a saddle-node bifurcation, clearly presenting hysteresis, but preserving the periodicity. After the f p range [≈ 2.7 ≈ 3.8]Hz of non periodic behaviors, we have periodic oscillations related to a period doubling bifurcation, associated with a T = 2T p resonance in the range [≈ 3.8 ≈ 4.15] Hz. For f p > 4.15Hz the pendulum oscillates with frequency f = f p or T = T p , as expected for a forced pendulum with the extra torque due the tilted direction of excitation.
Given that we did not have to search for adequate initial conditions manually, as the experimental apparatus sets them automatically at each f p value, the resonances described in 8(A) are called self-excited 16 . In Fig. 8(B) are shown the bifurcation diagrams related to saddlenode bifurcations with T = 3T p , T = 4T p and T = 5T p oscillations. Symbols correspond to a forward frequency span, while continuous lines to a backward sweep. For every diagram we had to look for specic initial conditions (θ 0 , ω 0 ). The need to specify initial conditions manually is a characteristic of the so called hidden oscillations.
In Fig. 9 is shown a region of the parameter space P × Ω p related to the saddle-node bifurcations shown in Fig. 8(B) . The continuous lines indicated by SN3, SN4 and SN5 are the loci of saddle-node bifurcations, and were obtained via numerical continuation 15, 17 . They constitute the borders of primary subharmonics resonance regions Ω p = 3, 4 and 5, respectively. The full circles, indicated by R (9) and (10)).
The agreement between numerical and analytic predictions for the loci of saddle-node bifurcations (where the resonant periodic attractors of period-3, 4 and 5 appear for P < 0.5) is remarkable.
V. CONCLUSIONS
We have studied the parametrically excited pendulum experimentally, numerically and analytically. For the vertical excitation case (ϕ = 0, a symmetrical system), the existence of odd periodic oscillations is not predictable by Melnikov's method due to the fact that odd and even oscillatory solutions exhibit dierent symmetry properties. While even oscillations are R-invariant, odd oscillations are not, appearing in R-conjugate pairs. This dierence causes the term that could lead to the occurrence of simple zeros in the Melnikov subharmonic functions to vanish for the odd case. We have characterized two symmetrical period-3 attractors, that were called degenerate as they were created in the same locus of saddle-node bifurcations in parameter space. Despite not being predicted by Melnikov's method (rst order), we were able to observe period-3 oscillations experimentally.
We were not able to detect period-5 oscillations experimentally for ϕ = 0, since the corresponding basin of attraction is too small, as demonstrated numerically.
For a small tilted direction ϕ = 4π/180, the system is not symmetrical anymore so the attractors are not degenerate which is corroborated by the observation of two distinct loci of saddle-node bifurcations in parameter space. These loci were obtained via both numerical continuation and Melnikov's method, in good agreement. As the basin of attraction of period-3 oscillations is comprised of large islands, such oscillations were easily observed experimentally.
Taking into account experimentally obtained bifurcation diagrams for ϕ = π/8, we analyzed self-excited resonances of period smaller than three, as well as hidden oscillations for periods greater than three which are related to subharmonic resonances.
